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Abstract
We consider the renormalisation of the Fayet-Iliopoulos D-term in a
softly-broken supersymmetric gauge theory with a non-simple gauge group
containing an abelian factor, and present the associated β-function through
three loops. We specialise to the case of the minimal supersymmetric stan-
dard model (MSSM), and investigate the behaviour of the Fayet-Iliopoulos
coupling ξ for various boundary conditions at the unification scale.
I. INTRODUCTION
In abelian gauge theories with N = 1 supersymmetry there exists a possible invariant
that is not allowed in the non-abelian case: the Fayet-Iliopoulos D-term,
L = 
∫
V (x; ; ) d4 = D(x): (1.1)
In previous papers [1] [2] we have discussed the renormalisation of  in the presence of
the standard soft supersymmetry-breaking terms

















 + ^ξ (1.3)
where ^ξ is determined by V -tadpole (or in components D-tadpole) graphs, and is inde-
pendent of . Although in Refs. [1], [2] we restricted ourselves to the abelian case, it is
evident that a D-term can occur with a direct product gauge group (G1⊗G2   ) if there
is an abelian factor: as is the case for the MSSM. In the MSSM context one may treat
 as a free parameter at the weak scale [3], in which case there is no need to know ^ξ.
However, if we know  at gauge unication, for example, then we need ^ξ to predict  at
low energies. Our purpose in this paper is rst of all to give the result for ^ξ through three
loops for a general direct product gauge group. We shall then specialise to the case of the
MSSM, and perform some running analyses to determine the size of (MZ) for various
choices of boundary conditions at the unication scale MX .
II. THE GENERAL CASE
First of all, for completeness and to establish notation, let us recapitulate the standard
results for the supersymmetric theory. We take an N = 1 supersymmetric gauge theory








We will be assuming that the gauge group has an abelian factor, which we shall take to


















where Rα is the group representation for Gα acting on the chiral elds, C(Rα) the
corresponding quadratic Casimir and T (Rα) = (rα)
−1Tr[C(Rα)] , rα being the dimension
of Gα. For the adjoint representation, C(Rα) = C(Gα)Iα, where Iα is the rα  rα unit
matrix. Note that T (R1) = Tr[Y2], [C(R1)]i j = (Y2)ij . At two loops we have
(162)2(2)gα = 2g
5
αC(Gα)Qα − 2g3αr−1α Tr [PC(Rα)] (2.3a)















For completeness and later reference, we also quote here the general result for DRED(3)gα ,






























− 4r−1α g5αC(Gα)Tr [PC(Rα)] + g7αQαC(Gα) [4C(Gα)−Qα] ; (2.4)
We recall that gauge anomaly cancellation requires
Tr[YC(Rα)] = 0 (2.5)
and naturalness (or cancellation of U1-gravitational anomalies) requires
Tr[Y ] = 0: (2.6)
The diagrams contributing to ^ξ through three loops for a general non-simple gauge
group are essentially the same as those depicted for the pure abelian case in Ref. [2], but
reinterpreting internal gauge and gaugino propagators as ranging over all gauge groups in
the direct product. Potential new 3-loop graphs (involving a 3-point gauge vertex, or a
gauge/gaugino vertex) give contributions which vanish due to anomaly cancellation (such
as C(Gα)Tr[YC(Rα)]). It is then relatively easy to generalise the abelian result to the
























































































with (Y 2)ij = Y
iklYjkl; (h
2)ij = h
iklhjkl: These results are computed using the DRED
0
scheme, which is a variant of DRED dened so as to ensure that -functions for physical
couplings have no dependence on the -scalar mass [6]. Most of the terms in Eq. (2.9)
correspond in a simple way to the analogous terms in Eq. (5.2) of Ref. [2]; the only subtle
point being the MMg4 terms, where one sees easily that only in the case of Fig. 15(e)
of [2] can the two gaugino masses belong to dierent gauge groups (Gα). Thus the last
term in Eq. (2.9), and the MMg4 terms from the terms involving H , come entirely from
this particular gure.
It was proved in Ref. [1] in the pure abelian case that if the m2 dependence in ^ξ takes




It is easy to see that the proof extends to the direct product case, and indeed we can
check Eq. (2.12) explicitly using Eqs. (2.7){(2.9) and (2.2a), (2.3a) and (2.4).
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III. THE MSSM






where Yt, Yb, Yτ are 3 3 Yukawa flavour matrices.








; b2 = 1; b3 = −3; (3.3)






For the anomalous dimensions of the chiral superelds we have at one loop:
162γ
(1)
tc = Ptc = 2YtY
y
t − 2Ctc ;
162γ
(1)
bc = Pbc = 2YbY
y
b − 2Cbc ;
162γ
(1)
Q = PQ = Y
y
b Yb + Y
y
t Yt − 2CQ;
162γ
(1)
τc = Pτc = 2YτY
y
τ − 2Cτc ;
162γ
(1)
L = PL = Y
y
τ Yτ − 2CL
162γ
(1)
H1 = PH1 = Tr
[




















































tc = −2Yt (PQ + PH2)Y yt − 2PtcCtc + 2( 415b1g41 + 43b3g43); (3.6a)
(162)2γ
(2)
bc = −2Yb (PQ + PH1) Y yb − 2PbcCbc + 2( 115b1g41 + 43b3g43); (3.6b)
(162)2γ
(2)
Q = −Y yt (Ptc + PH2) Yt − Y yb (Pbc + PH1) Yb
− 2PQCQ + 2( 160b1g41 + 34b2g42 + 43b3g43); (3.6c)
(162)2γ
(2)
τc = −2Yτ (PL + PH1)Y yτ − 2PτcCτc + 65b1g41; (3.6d)
(162)2γ
(2)
L = −Y yτ [Pτc + PH1]Yτ − 2PLCL + 310b1g41 + 32b2g42; (3.6e)
(162)2γ
(2)
H1 = −3Tr[YbPQY yb + Y yb PbcYb]− Tr[YτPQY yτ + Y yτ PτcYτ ]




= −3Tr[YtPQY yt + Y yt PtcYt]− 2CLPH2 + 310b1g41 + 32b2g42: (3.6g)


















































b Yb + [Y
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t ht + Y
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b hb + Y
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QPQ −m2LPL − 2m2tcPtc +m2bcPbc









−6(162)2(3)ξ1 − 4(3)ξ2 − 52(3)ξ3 + 2(3)ξ4









































= 3(jCMQ j2 − jCML j2 − 2jCMtc j2 + jCMbc j2 + jCMτc j2): (3.14)
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We shall now present our MSSM results specialised to the commonly considered case
where only the 3rd generation Yukawa couplings are signicant. We also take the gaugino































t − 2CL; (3.15)
where ft; b; Q; ; Lg now refers to the 3rd generation, and fu; d; R; e;Ng refers to either
of the 1st or 2nd generations. Eq. (3.6a) now takes the form
(162)2γ
(2)
tc = −22t (PQ + PH2)− 2PtcCtc + 2( 415b1g41 + 43b3g43); (3.16a)
(162)2γ
(2)
bc = −22b (PQ + PH1)− 2PbcCbc + 2( 115b1g41 + 43b3g43); (3.16b)
(162)2γ
(2)
Q = −2t (Ptc + PH2)− 2b (Pbc + PH1)
− 2PQCQ + 2( 160b1g41 + 34b2g42 + 43b3g43); (3.16c)
(162)2γ
(2)
τc = −22τ (PL + PH1)− 2PτcCτc + 65b1g41; (3.16d)
(162)2γ
(2)
L = −2τ [Pτc + PH1]− 2PLCL + 310b1g41 + 32b2g42; (3.16e)
(162)2γ
(2)
uc = −2PucCtc + 2( 415b1g41 + 43b3g43); (3.16f)
(162)2γ
(2)
dc = −2PdcCbc + 2( 115b1g41 + 43b3g43); (3.16g)
(162)2γ
(2)
R = −2PRCQ + 2( 160b1g41 + 34b2g42 + 43b3g43); (3.16h)
(162)2γ
(2)
ec = −2PecCτc + 65b1g41: (3.16i)
(162)2γ
(2)
N = −2PNCL + 310b1g41 + 32b2g42 (3.16j)
(162)2γ
(2)
H1 = −32b [PQ + Pbc ]− 2τ [PL + Pτc ]




= −32t [PQ + Ptc ]− 2CLPH2 + 310b1g41 + 32b2g42; (3.16l)
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Correspondingly, we retain only the three 3rd generation trilinear soft couplings ht =































































τ )− 8CMML ;
Wuc = −8CMMtc ;
Wdc = −8CMMbc ;
WR = −8CMMQ ;
Wec = −8CMMτc ;






























t )− 8CMML : (3.17)


































































R −m2L − 2m2N − 2m2tc − 4m2uc +m2bc + 2m2dc
+ m2τc + 2m
2












RPR −m2LPL − 2m2NPN − 2m2tcPtc − 4m2ucPuc






ecPec −m2H1PH1 +m2H2PH2) (3.20)





















= (WQPQ + 2WRPR −WLPL − 2WNPN − 2WtcPtc − 4WucPuc +WbcPbc + 2WdcPdc




= (H2Q + 2H
2
R −H2L − 2H2N − 2H2tc − 4H2uc +H2bc + 2H2dc























= (WQCQ + 2WRCQ −WLCL − 2WNCL − 2WtcCtc − 4WucCtc +WbcCbc + 2WdcCbc



























As we mentioned in the Introduction, if we have no prejudice as to the value of 
at the gauge unication scale MX , then we may as well treat  as a free parameter at
the weak scale [3], and the running of  is irrelevant. However it is conceivable that the
underlying theory at scales beyond MX may favour certain values of (MX), and then
the running of  would need to be considered. We shall see that for currently popular
choices of boundary conditions at MX{namely, the minimal supergravity scenario, and
the Anomaly Mediated Supersymmetry Breakdown (AMSB) scenario{the running of  is
determined predominantly by the rst term on the RHS of Eq. (1.3) between MX and





For instance, we nd from Eqs. (2.7), (2.8) that universal soft masses at MX imply
^
(1)
ξ (MX) = ^
(2)
ξ (MX) = 0, using Eq. (2.6) and the fact that it follows immediately from
Eq. (2.2b) using gauge invariance and anomaly cancellation (Eq. (2.5)) that
Tr[Yγ(1)] = 0: (4.2)
Moreover, it is easy to show, using the result for 
(1)
m2 from Ref. [5], that if we work
consistently at one loop, then Tr[Ym2] is scale invariant. So if initially  = Tr[Ym2] = 0,
then  remains zero it under (one loop) RG evolution. With typical universal conditions
at MX with soft masses m0 and M  m0, A  m0, we nd (using three loops for ξ and
two loops for the other -functions) that   0:001m20 at MZ .
Another favoured set of boundary conditions is those derived from anomaly mediated













is the gravitino mass. In fact, since the AMSB result is RG invariant, it applies
at all scales between MX and MZ . We then nd from Eqs. (2.7), (2.8) that up to two
loops, we may write




Tr[Y(γ − γ2)]: (4.4)
Gauge invariance and anomaly cancellation combined with Eqs. (2.2b) and (2.3b) yield
[1]
Tr[Yγ(1)] = Tr[Y(γ(2) − (γ(1))2)] = 0; (4.5)
and so ^ξ vanishes through two loops. Therefore to a good approximation (MZ) will be
given by Eq. (4.1), and once again will be negligible at MZ if it is zero at MX .
However, if non-universal scalar masses at MX are contemplated, then the eects of
^ξ might be signicant{as was noted in Ref. [9], for instance. Another context where
^ξ might play a role is that of non-standard soft-supersymmetry breaking [10]. This is
because with the non-standard terms (for example 2 terms) the result that Tr[Ym2]
is one-loop scale invariant is not preserved. It follows that even with universal boundary
conditions for m2 and  = 0 at MX ,  becomes non-zero at MZ even with one-loop
running. In the current context of the MSSM with the 3rd generation dominating, the
additional soft terms are given by
10









c + h:c: (4.6)
Now in Ref. [10] we assumed, in fact, that  was zero at MZ ; here we explore the more
natural assumption that  = 0 at the unication scale. We follow Ref. [10] in dropping the
explicit -term from the superpotential, since it can be subsumed into Lnewsoft . With given
values at MX for mψ and for the universal parameters A, M and m0, and for a given tan ,
we adjust At = Ab = Aτ = A (at MX) to obtain an acceptable electroweak vacuum. As in
Ref. [10], we have made allowance for radiative corrections by using the tree Higgs minimi-
sation conditions, but evaluated at the scale MSUSY  m0. In Fig. 1 we show (for illustra-
tive values of M , mψ and A) the region of the m0, tan plane where this can be achieved.
















Allowed region with M=200GeV, A=0, mψ=150GeV, ξ(MX)=0
Fig.1: The region of the m0; tan plane corresponding to an acceptable electroweak vac-
uum, for M = 200GeV, mψ = 150GeV, A = 0 and (MX) = 0. The shaded region
corresponds to one or more sparticle or Higgs masses in violation of current experimental
bounds.
For comparison, we show in Fig. 2 the corresponding region
for (MSUSY) = 0. We notice that it is qualitatively similar, though slightly larger.
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Allowed region with M=200GeV, A=0, mψ=150GeV, ξ(MSUSY)=0
Fig.2: The region of the m0; tan plane corresponding to an acceptable electroweak vac-
uum, for M = 200GeV, mψ = 150GeV, A = 0 and (MSUSY) = 0. The shaded region
corresponds to one or more sparticle or Higgs masses in violation of current experimental
bounds.
Note that this Figure diers slightly from Fig. 1 of Ref. [10]. This is because we
have incorporated one-loop corrections to the Higgs mass and because we have taken
account of the increasingly stringent experimental bounds (in particular increasing mψ
at MX to get acceptable chargino masses). For m0 = 640GeV and tan  = 8, we
nd A = 1:07(1:01)TeV, At(MSUSY)  661(627)GeV, Aτ (MSUSY)  664(630)GeV,
Ab(MSUSY)  491(469)GeV. (The pairs of numbers correspond to (MX) = 0,
(MSUSY) = 0 respectively.) The spectra obtained for (MX) = 0 and for (MSUSY) = 0
are given in Table 2. We see that there are signicant dierences, especially in the masses
of H , A and H. On the other hand the chargino and neutralino masses are unaected,
with a LSP neutralino.
12


























Table 1: Spectra (in GeV) for (MX) = 0 and for (MSUSY) = 0, with M = 200GeV,
m0 = 640GeV, A = 0, mψ = 150GeV at MX , and with tan = 8.
Finally, in Table 2 we give the values of (MSUSY) for some typical points in the allowed
region of Fig. 1. We see indeed that (MSUSY) is quite sizeable.
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m0(GeV) tan  (MSUSY)(GeV)
2
640 8 −5:07 104
700 6 −5:48 104
700 8 −5:02 104
700 16 −5:15 104
800 6 −5:61 104
800 8 −4:90 104
800 16 −4:75 104
Table 2: Values for (MSUSY) with (MX) = 0 and with M = 200GeV, A = 0 and
mψ = 150GeV at MX.
We have veried that the same results are obtained if we either (1) Perform the RG
evolution in the -uneliminated theory and then eliminate  (via its equation of motion)
at low energies or (2) Eliminate  at MX , and evolve to low energies with the (modied)
-eliminated -functions. For a general discussion of the equivalence of these procedures,
see Refs. [1], [2].
V. CONCLUSIONS
In this paper we have extended the results of Ref. [2] for the renormalisation of the
Fayet-Iliopoulos D-term to the case of a direct product gauge group, and applied the
result to the MSSM. With standard soft supersymmetry breaking and universal boundary
conditions at MX , then  is negligible at low energies if (MX) = 0. However with non-
standard soft breakings (and/or non-universal boundary conditions for the standard ones)
we nd signicant eects even for (MX) = 0. In the non-standard breaking case, the
eect is especially marked for the masses of H , A and H, which decrease signicantly
when  is taken into account.
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